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Abstract
We describe the computation of the O(αS ) corrections to the Wilson coeﬃcients of the kinetic and chromomagnetic
operators in inclusive semileptonic B decays. We can thus evaluate the complete correction at order αSΛ2QCD/m
2
b to
the semileptonic width and the ﬁrst two leptonic moments.
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1. Introduction
The study of semileptonic B decays (ﬁrst initiated in
[1, 2]) has its foundation on an Operator Product Expan-
sion together with an heavy quark expansion. The OPE
expresses the diﬀerential decay rate (and consequently
the total width, leptonic and hadronic moments) as a
double series in αS and ΛQCD/mb. The leading term
reproduces the free quark decay, while subsequent cor-
rections take into account interactions inside the meson
and further reduce the theoretical uncertainty.
Currently several corrections are known: up to O(α2S )
in the free decay [3, 4, 5], while the nonpertur-
bative terms already calculated include O(Λ2QCD/m
2
b)
[2], O(Λ3QCD/m
3
b) [6] and a ﬁrst investigation of
O((ΛQCD/mb)4,5) [7]. The terms in the heavy mass ex-
pansion are expressed as B-meson matrix elements of
local operators, growing in dimension: they are custom-
arily parametrized as μ2π and μ
2
G at order O(Λ
2
QCD/m
2
b)
and ρD, ρLS at O(Λ3QCD/m
3
b).
Regarding the perturbative corrections to these para-
menters, there has been a ﬁrst investigation, about μ2π
alone, in reference [8] and then the complete calcula-
tion for both μ2π and μ
2
G has been carried out in the two
papers relevant to this proceeding, [9] and [10].
Quite recently the coeﬃcient of μ2G for the total width
has been calculated again in the limit mc→0 [11], yield-
ing results compatible with our own.
The method we used to perform the calculation can be
traced back to [12], where it was employed for the sim-
pler process B → Xsγ, then it has been further devel-
oped in [9] for the coeﬃcient of μ2π and ﬁnally extended
to the full calculation of μ2G in [10].
2. The inclusive semileptonic decay
The triple diﬀerential decay distribution for an inclu-
sive semileptonic decay is
dΓ
dq2dEνdEe
=
1
4
∑
Xc
∑
spin
|<Xceν¯|Hw|B¯> |
2mB
2
δ4(pt) (1)
where pt = pB−pe−pν−pX and labels e,ν and X represent
the ﬁnal lepton, neutrino and hadronic state XC; q is the
transferred momentum to the leptonic couple and Hw
the weak Hamiltonian
Hw =
4GF√
2
Vcb J
μ
L e¯γμPLνe ; J
μ
L = c¯γ
μPLb (2)
The ﬁrst step to simplify eq. (1) is to express it as the
product of an hadronic tensor Wαβ and a leptonic ten-
sor Lαβ, which is possible since leptons do not interact
strongly (and we work at leading order in the ew inter-
actions):
dΓ
dq2dEνdEe
= 2G2F |Vcb|2WαβLαβ (3)
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the leptonic tensor is fairly simple
Lαβ=2
(
pαe p
β
ν+pαν p
β
e−pe ·pνgαβ−i	ρβσαpe ρpνσ
)
(4)
while the hadronic tensor still contains unknown matrix
elements
Wαβ=
(2π)3
2mB
∑
Xc
δ4(pt)< B¯|J†αL |Xc><Xc|JβL|B¯> (5)
with JαL the usual left-handed weak current (described
in eq. (2)). To further manipulate Wαβ we can relate it
to the discontinuity of a time-ordered product across a
cut. So by deﬁning
Tαβ=−i
∫
d4xe−iq·x
1
2mB
<B¯ |T
[
J†αL (x)J
β
L(0)
]
|B¯> (6)
we obtain the relation
Wαβ = −1
π
Im Tαβ (7)
Up to this point we are still handling tensors with two
indices, in order to simplify things a bit in this regard we
can express the whole tensor Wαβ in terms of structure
functions Wi:
Wαβ=−gαβW1 + vαvβW2 − i	αβμνvμqνW3 (8)
where v is the four-velocity of the B¯ meson: pB = mBv.
There would be two additional functionsW4 andW5 fac-
toring structures containing q, but since we are dealing
with massless leptons, the leptonic tensor yields zero
when contracted with q:
qαLαβ = qβLαβ = 0 (9)
and so only W1, W2 and W3 contribute in the end.
Eq. (7) thus becomes
Wi = −1
π
Im Ti ; i = 1, 2, 3 (10)
3. The operator product expansion
Having related Wi to a product of currents (eq. (6)
and eq. (10)), we can now employ an operator prod-
uct expansion and express the latter as the sum of local
operators:
T
[
J†αL (x)J
β
L(0)
]
=
∑
i
Ci(x)Oi(0) (11)
in order to do so we consider an initial b quark which is
slightly oﬀ-shell (being inside a B¯ meson), pb = mbv+k
with k of the order ofΛQCD, and expand in k up toO(k2).
If we then use QCD perturbation theory to calculate the
coeﬃcients of the Oi operators, we obtain a double se-
ries in αS and ΛQCD/mb:
T i =
∑
n≥3
∑
j≥0
(
ΛQCD
mb
)n−3(
αS
π
) j
ci j(n)< B¯|Oi(n)j |B¯> (12)
where n is the dimension of the operator.
It has to be noted that we could have followed the same
steps with the addition of an extrernal soft gluon and
we would have expected a result similar to eq. (12), but
possibly with diﬀerent coeﬃcients and operators. This
consideration will play an important role in the determi-
nation of the coeﬃcient of μ2G.
4. Heavy quark eﬀective theory
Even after having found all operators in eq. (12) with
the respective coeﬃcients, we must still calculate their
matrix elements between B¯ meson states. This could be
done in QCD, like the rest of the calculation so far, but
it is convenient to switch to HQET, an eﬀective theory
speciﬁcally tailored around the idea of heavy quarks be-
ing very close to their mass shell.
In practice what we do is substituting the old quark ﬁeld
in terms of the new one
b(x) = e−imbv·x
(
1 +
iD/
2mb
)
bv(v) (13)
and then take advantage of all the properties that hold
true inside HQET in order to simplify the result and
minimize the number of operators we have to deal with.
The equation of motion is of particular importance
iD·v bv = −(iD)2bv (14)
it implies that no operator appears at O(ΛQCD/mb)
which cannot be written in terms of higher dimension
operators. So in the end we have one operator at dimen-
sion three, describing the decay of a free quark, which
is better to express in QCD:
Oμb = b¯γ
μb (15)
and then two operators at dimension ﬁve, the kinetic op-
erator and the chromomagnetic operator:
Oμν2 =
1
2
b¯v{iDμ, iDν}bv (16)
Oμν3 =
1
2
b¯vgSG
μ
ασ
ανbv (17)
As becomes apparent from eq. (17), the chromomag-
netic operator contains a gluon ﬁeld, so its coﬃcient can
be calculated only from the current product emitting an
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Figure 1: One-loop diagrams contributing to the current correla-
tor. The background gluon can be attached wherever a cross is
marked.
external gluon.
The operators are parametrized as follows:
1
MB
< B¯|Oμb |B¯ >= 2vμ (18)
1
MB
< B¯|Oμν2 |B¯ >= −
2μ2π
d − 1(g
μν − vμvν) (19)
1
MB
< B¯|Oμν3 |B¯ >=
2μ2G
d − 1(g
μν − vμvν) (20)
having neglected higher order power corrections and in-
troducing dimension d = 4 − 2	.
When expressing the ﬁnal amplitude what really mat-
ters, rather than the operators themselves, are their ma-
trix elements evaluated between B¯ states, so we can now
rewrite eq. (12) as
Wi = W
(0)
i +
μ2π
2m2b
W (π,0)i +
μ2G
2m2b
W (G,0)i
+
αS
π
⎡⎢⎢⎢⎢⎣W (1)i + μ
2
π
2m2b
W (π,1)i +
μ2G
2m2b
W (G,1)i
⎤⎥⎥⎥⎥⎦ (21)
5. One loop calculation
At tree level the use of HQET is suﬃcient to solve
most of the problems, but carring out the calculation
at one loop (contributing diagrams shown in ﬁgure 1)
presents many more challenges: namely lenghtier ex-
pressions, loop integrals, and divergencies to be can-
celled through renormalization. The latter deserve some
deeper discussion, in order to get rid of all the poles we
need to be precise when matching HQET with QCD.
We are equating
T i =
(
ci, j,0{α} +
αS
4π
ci, j,1{α} + O(α
2
S )
)
<O{α}j > (22)
where < O >=< B¯|O|B¯ > and {α} is a set of indices; the
lhs contains the poles coming from the diagrams in ﬁg-
ure 1 and the counterterms frommass and wave function
renormalization, while on the rhs we have O(α) contri-
butions from the one-loop matrix elements (zero in the
case of O2 and O3) as well as the renormalization of
each operator.
After having taken into account all the counterterms,
both the lhs and the rhs become ultraviolet free, but still
retain infrared divergencies: since QCD and HQET re-
produce the same infrared behaviour, these will cancel
out and so the one-loop Wilson coeﬃcient ci, j,1{α} (what
we wanted to calculate in the ﬁrst place) will be ﬁnite.
The relevant counterterms are:
δZμναβkin = −CF
3 − ξ
	
(gμν−2vμvν)vαvβ αS
4π
+ ... (23)
δZμναβchromo =
CA
	
(gμα−vμvα)gνβ αS
4π
+ ... (24)
where ξ is the Feynman gauge and bare quantities are
deﬁned as follows:[
cXμνO
μν
X
]bare
= ZOSbv Z
μναβ
X cXμνOXαβ (25)
6. Results
The calculation we have brieﬂy sketched has been
carried out in ref. [9] and [10], respectively for the one-
loop coeﬃcient of μ2π and μ
2
G. The full analytic result for
the structure functions Wi can be found in the Appendix
of each paper.
Numerical result are not as lenghty and can be dis-
cussed here. Considering on-shell quark masses of
mb = 4.6GeV and mc = 1.15GeV we obtain a total
width of
ΓB→Xceν = Γ0
⎡⎢⎢⎢⎢⎣
(
1 − 1.78αS
π
) ⎛⎜⎜⎜⎜⎝1 − μ
2
π
2m2b
⎞⎟⎟⎟⎟⎠
−
(
1.94 + 2.42
αS
π
)μ2G(mb)
m2b
⎤⎥⎥⎥⎥⎦ (26)
with Γ0 = G2Fm
5
b(1 − 8ρ + 8ρ3 − ρ4 − 12ρ2lnρ)/192π3
and ρ = m2b/m
2
c . The parameter μ
2
G is renormalized at
the scale μ = mb. Assuming αS = 0.25, the one-loop
correction increases the μ2G coeﬃcient by 7%.
Then there are the ﬁrst and second central leptonic mo-
ments
< E >= 1.41GeV
⎡⎢⎢⎢⎢⎣
(
1 − 0.02αS
π
) ⎛⎜⎜⎜⎜⎝1 + μ
2
π
2m2b
⎞⎟⎟⎟⎟⎠
−
(
1.19 + 4.20
αS
π
)μ2G(mb)
m2b
⎤⎥⎥⎥⎥⎦ (27)
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2 = 0.183GeV2
⎡⎢⎢⎢⎢⎣1−0.16αS
π
+4.98
μ2π
m2b
−0.37αS
π
μ2π
m2b
−
(
2.89+8.44
αS
π
) μ2G(mb)
m2b
⎤⎥⎥⎥⎥⎦ (28)
where 2 =< E2 > − < E >2; here the relative NLO
correction to the μ2G coeﬃcient are bigger than in the
width, amounting to +28% and +23%.
All the above can also be calculated inside the kinetic
scheme (see [13, 14]) with cutoﬀ μkin = 1GeV and they
yield:
ΓB→Xceν = Γ0
⎡⎢⎢⎢⎢⎣1 − 1.11αS
π
− μ
2
π
2m2b
+0.99
αS
π
μ2π
m2b
−
(
1.94+3.46
αS
π
)μ2G(mb)
m2b
⎤⎥⎥⎥⎥⎦ (29)
< E >= 1.41GeV
⎡⎢⎢⎢⎢⎣1 − 0.01αS
π
+
μ2π
2m2b
−0.44αS
π
μ2π
m2b
−
(
1.19+3.21
αS
π
)μ2G(mb)
m2b
⎤⎥⎥⎥⎥⎦ (30)
2 = 0.183GeV2
⎡⎢⎢⎢⎢⎣1 − 0.24αS
π
+ 4.98
μ2π
m2b
−3.89αS
π
μ2π
m2b
−
(
2.89+7.01
αS
π
) μ2G(mb)
m2b
⎤⎥⎥⎥⎥⎦ (31)
here μ2G coeﬃcients always increase with the addition of
the NLO corrections, respectively by +15%, +20% and
+20%.
7. Conclusions
We have calculated the O(αS ) corrections to the Wil-
son coeﬃcients of the kinetic and chromomagnetic op-
erators in inclusive semileptonic B decays. The com-
plete O(αSΛ2QCD/m
2
b) contribution to the width is just a
few per mill, but the corrections to the ﬁrst two leptonic
moments are comparable to the experimental errors. In
order to estimate their eﬀect on |Vcb|, these corrections
have to be included in the global ﬁt to the moments,
which will be the subject of a future publication.
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